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The long-sought quantum spin liquid is a quantum-entangled magnetic state leading to the frac-
tionalization of spin degrees of freedom. Quasiparticles emergent from the fractionalization affect
not only the ground state properties but also thermodynamic behavior in a peculiar manner. We
here investigate how the spin dynamics evolves from the high-temperature paramagnet to the quan-
tum spin liquid ground state, for the Kitaev spin model describing the fractionalization into itinerant
matter fermions and localized Z2 gauge fluxes. Beyond the previous study [J. Yoshitake, J. Nasu,
and Y. Motome, Phys. Rev. Lett. 117, 157203 (2016)], in which the mean-field nature of the cluster
dynamical mean-field theory prevented us from studying low-temperature properties, we develop a
numerical technique by applying the continuous-time quantum Monte Carlo (CTQMC) method to
statistical samples generated by the quantum Monte Carlo (QMC) method in a Majorana fermion
representation. This QMC+CTQMC method is fully unbiased and enables us to investigate the
low-temperature spin dynamics dominated by thermally excited gauge fluxes, including the uncon-
ventional phase transition caused by gauge flux loops in three dimensions, which was unreachable
by the previous methods. We apply this technique to the Kitaev model in both two and three di-
mensions. Our results clearly distinguish two cases: while the dynamics changes smoothly through
the crossover in the two-dimensional honeycomb case, it exhibits singular behaviors at the phase
transition in the three-dimensional hyperhoneycomb case. We show that the low-temperature spin
dynamics is a sensitive probe for thermally fluctuating gauge fluxes that behave very differently
between two and three dimensions.
PACS numbers:
I. INTRODUCTION
The quantum spin liquid (QSL) is an exotic state of
matter in insulating magnets showing no magnetic order
down to zero temperature (T ) [1, 2]. It is not charac-
terized by any conventional order parameter, but known
to exhibit topological quantum entanglement resulting
in fractionalization of the fundamental spin degrees of
freedom [3, 4]. This is purely quantum mechanical na-
ture arising in strongly correlated many-body systems,
as seen in fractional charges by the fractional quantum
Hall effect [5, 6]. Although the spin fractionalization
has attracted great attention for identifying the QSL in
candidate materials, the unambiguous detection remains
largely elusive [2, 7–9].
The Kitaev spin model, originally introduced on a two-
dimensional (2D) honeycomb lattice [10], has generated
a new trend in the study of QSLs. This is because of the
following virtues of this model. First of all, the model is
exactly soluble in the ground state, and the exact ground
state is a QSL. The exact solution is obtained by repre-
senting the spin operators by Majorana fermion opera-
tors, which simultaneously provides canonical formula-
tion of the fractionalization: the elementary spin exci-
tations are described by itinerant matter fermions and
localized Z2 gauge fluxes, both of which are composed
of the Majorana fermions. Furthermore, the model can
be extended to any tri-coordinate lattices with preserv-
ing the solubility, even in three dimensions (3D) [11–13].
Last but not least, the bond-dependent anisotropic inter-
action in this model has a realization in some magnetic
materials with strong spin-orbit coupling [14]. All these
features have accelerated the combined studies between
theory and experiment for realization and identification
of Kitaev QSLs [15, 16].
Among many consequences of the spin fractionaliza-
tion unveiled by the recent studies of the Kitaev model
is thermal fractionalization, i.e., thermodynamic signa-
tures originating from different energy scales of the frac-
tionalized quasiparticles [17]. The thermal fractionaliza-
tion manifests itself in, for instance, two peaks in the
specific heat at T = TL and TH (TL ≪ TH ∼ J , where
J is the dominant Kitaev coupling) and successive en-
tropy release by a half of log 2 around these tempera-
tures. Besides, the spin dynamics is also of importance
for experimental identification of the fractionalization. In
the previous studies [18, 19], the authors calculated dy-
namical quantities for the 2D Kitaev model, developing
the cluster extension of the dynamical mean-field the-
ory (CDMFT) in a Majorana fermion representation and
combining it with the continuous-time quantum Monte
Carlo (CTQMC) method. The CDMFT+CTQMC study
revealed an interesting aspect of the fractionalization:
dichotomy between static and dynamical spin correla-
tions. This was shown by the significant T evolution of
the magnetic susceptibility χ, the NMR relaxation rate
1/T1, and the dynamical spin structure factor S(q, ω) in
the T regime below TH where the static spin correlations
saturate and almost T independent.
Despite the successful calculations of dynamical prop-
2erties, the applicable T range of the CDMFT+CTQMC
method is limited: the method does not give reason-
able results at very low T . This is due to the occur-
rence of phase transition at T ∼ TL as an artifact of
the mean-field approximation in the CDMFT. Moreover,
the CDMFT+CTQMC method is not suitable for the
Kitaev model on 3D lattices by the following reasons.
One is that a larger cluster is necessary in the CDMFT,
as the unit cell, or more strictly speaking, the smallest
loop of lattice sites, for which the conserved Z2 gauge
flux is defined, becomes larger for 3D than 2D in gen-
eral. Another reason is that the 3D extensions of the
Kitaev model may cause a phase transition, which might
be hard to capture by the CDMFT. For instance, the
Kitaev model on a 3D hyperhoneycomb lattice exhibits
an unconventional phase transition triggered by prolif-
eration of loops composed of thermally excited gauge
fluxes [20, 21]. The cluster approximation in the CDMFT
is not suitable to describe such a topological transition
characterized by global quantities beyond the cluster. An
alternative method is desired to study the spin dynamics,
including the low-T behavior.
Besides such a theoretical demand, it is crucial to
clarify the spin dynamics of the Kitaev model in the
whole T range also from the experimental point of view.
Recently, many candidates have been explored in both
quasi-2D and 3D materials [22–26]. Some indications of
the fractionalization were observed, for instance, in the
specific heat [27], magnetic Raman scattering [28, 29],
inelastic neutron scattering [30–32], and thermal trans-
port [33, 34]. However, such indications are for rather
high-T features, corresponding to the theoretical predic-
tions around and below TH associated with itinerant mat-
ter fermions [17–19, 35, 36]. It is highly desired to experi-
mentally capture another indications dominated by ther-
mally excited gauge fluxes at lower T . Although all the
candidate materials exhibit a magnetic order at low T ,
several efforts have been made for suppressing the order,
e.g., by external pressure [25, 37], magnetic field [38–40],
and chemical substitution [41]. Given such an upsurge of
interest, it is highly important to clarify the dynamical
behavior of the 2D and 3D Kitaev models down to the
lowest T .
In this paper, we propose a new numerical
method which overcomes the problems in the previous
CDMFT+CTQMCmethod. We here adopt the quantum
Monte Carlo (QMC) method, instead of the CDMFT, for
generating statistical samples used in the CTQMC cal-
culations. The QMC method is also formulated on the
basis of a Majorana fermion representation, which has
been used to compute thermodynamic properties in a se-
ries of previous studies for the Kitaev models on several
tri-coordinate lattices [17, 20, 35, 36, 42]. Thus, the new
combined method, which we call the QMC+CTQMC
method, provides a versatile technique, free from bi-
ased approximation. We demonstrate that the method
is applicable in a wider T range, including the low-T
region below T ∼ TL, which was not accessible by the
previous CDMFT+CTQMC method. In the 2D honey-
comb case, comparing the data of χ and 1/T1 by the
CDMFT+CTQMC and QMC+CTQMC methods, we
show that although the former works quite well above
the fictitious critical temperature, only the latter can
give reasonable results at lower T . In the 3D hyper-
honeycomb case, we present the QMC+CTQMC results
for χ, 1/T1, and S(q, ω). From the comparison between
the 2D and 3D results, we clarify the signatures arising
from the difference of the system dimension. While every-
thing changes smoothly through the crossover at T = TL
in the 2D honeycomb case, the dynamical quantities ex-
hibit singular behaviors in the 3D hyperhoneycomb case
at the phase transition caused by the topological nature
of excited gauge flux loops. Thus, the QMC+CTQMC
is applicable to the unconventional phase transition in
3D, which is not accessible by the CDMFT+CTQMC
method. Our results show that the dynamical proper-
ties at low T depend substantially on the system dimen-
sion, despite almost dimension-independent behavior of
the static spin correlations. This is the low-T aspect of
the dichotomy between static and dynamical spin corre-
lations, which was found in the intermediate T region in
the previous study.
The structure of this paper is as follows. In Sec. II, we
introduce the Kitaev model and its Majorana fermion
representation. We also present the details of the
QMC+CTQMC method. In Sec. III, we present the
QMC+CTQMC results for the 2D and 3D cases in
Sec. III A and III B, respectively. Finally, Sec. IV is de-
voted to the summary.
II. MODEL AND METHOD
In this study, we consider the Kitaev model on a 2D
honeycomb lattice [Fig. 1(a)] and 3D hyperhoneycomb
lattice [Fig. 1(b)], whose Hamiltonian is given in the com-
mon form [10, 11]
H = −
∑
p
Jp
∑
〈j,j′〉p
Spj S
p
j′ . (1)
Here, p = x, y, z represents one of the three different
types of bonds on the tri-coordinate lattices, and 〈j, j′〉p
denotes a set of neighboring sites j, j′ on the p bonds; see
Figs. 1(a) and 1(b). Spj represents the p component of
quantum spin S = 1/2 at site j, and Jp is the coupling
constant for the p bond.
A mathematically faithful representation of the Hamil-
tonian in Eq. (1) is obtained by applying the Jordan-
Wigner transformation along the chains composed of the
x and y bonds [43–45]:
H = i
Jx
4
∑
(j,j′)x
cj′cj − i
Jy
4
∑
(j,j′)y
cjcj′ − i
Jz
4
∑
(j,j′)z
ηrcjcj′ ,
(2)
3Wp
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FIG. 1: Schematic picture of the Kitaev model on (a) the 2D
honeycomb lattice and (b) the 3D hyperhoneycomb lattice.
The blue, green, and red bonds represent the x, y, and z
bonds in Eq. (1), respectively. The black and white circles
denote the sites j and j′ in Eq. (2), respectively. (c) displays
the first Brillouin zones for the 3D case, in which the red lines
indicate the symmetric lines used for the plot in Fig. 6.
where cj and c¯j are two types of Majorana fermion op-
erators at site j; ηr = ic¯j c¯j′ is defined on each z bond
connecting sites j and j′. The sum over (j, j′)p is taken
for the neighboring sites j and j′ colored by black and
white, respectively, in Figs. 1(a) and 1(b). The bond
variable ηr commutes with the Hamiltonian as well as
other ηr′ , and η
2
r = 1; hence, ηr is a conserved Z2 vari-
able taking ±1. The ground state is exactly obtained as
the state with all ηr = +1 for both honeycomb and hy-
perhoneycomb cases. The exact ground state is shown
to be a QSL, both gapless and gapped depending on the
ratios between the coupling constants Jp [10]. The el-
ementary excitations are also exactly described by the
operators {cj} and {ηr}. In this Majorana fermion rep-
resentation, therefore, the original spin operators {Sj}
are fractionalized into {cj}, which describe itinerant Ma-
jorana fermions called matter fermions, and {ηr}, which
are the localized Z2 variables.
The Z2 variables {ηr} are related with the Z2 gauge
fluxes Wp discussed in the original paper by Kitaev [10].
The gauge flux is also a conserved Z2 quantity defined
for each elementary plaquette [a hexagon in the 2D hon-
eycomb case and a ten-site plaquette in the 3D hyper-
honeycomb case; see Figs. 1(a) and 1(b)]: it is defined
by the product of ηr belonging to the plaquette p, as
Wp =
∏
r∈p ηr. The ground state with all ηr = +1 cor-
responds to the state with all Wp = +1, which is called
the flux-free state. At nonzero T , the gauge fluxes are
thermally excited from the flux-free state by flipping Wp.
In the previous study, the authors have developed the
CDMFT+CTQMC method for calculating the finite-T
spin dynamics of the Kitaev model in Eq. (1), by using
the Majorana representation in Eq. (2) [18, 19]. In this
method, we generate the configurations of the Z2 vari-
ables {ηr} by the CDMFT, and compute the imaginary-
time spin correlations by applying the CTQMC calcu-
lations to each configuration. The combined method
successfully delivers precise data for the dynamical
properties in a wide T range. A problem in the
CDMFT+CTQMC method is that the cluster approx-
imation in the CDMFT part leads to a fictitious phase
transition at T = T˜c by ordering of {ηr}. In the 2D Ki-
taev model on the honeycomb lattice, there is no phase
transition at a nonzero T and only two crossovers occur at
very different T scales, TL and TH [17]. In the isotropic
case with Jx = Jy = Jz = J = ±1, TL ≃ 0.012 and
TH ≃ 0.375; the fictitious T˜c ≃ 0.014 is slightly higher
than TL. Meanwhile, in the 3D case on the hyperhon-
eycomb lattice, the model exhibits a phase transition at
T = Tc (Tc ≃ 0.0039 for the isotropic case), but it is not
due to the ordering of {ηr}: the transition is caused by
global objects, i.e., closed loops composed of thermally
excited gauge fluxes Wp [20]. Thus, the phase transition
by ordering of {ηr} in the CDMFT is an artifact aris-
ing from the mean-field nature. Because of this problem,
the CDMFT+CTQMC method is not applicable to the
very low-T region around and below TL in 2D and Tc in
3D [47].
In order to solve this problem, instead of the CDMFT,
we here adopt the real-space QMC simulation, which has
been used to calculate static quantities in the previous
studies [17, 20, 35, 36, 42]. Using the QMC simulation,
we generate statistical samples of the configuration of lo-
calized Z2 variables {ηr}, for which the dynamical spin
correlations are computed by the CTQMC simulation.
In this case, we can study much larger system sizes than
the clusters used in the CDMFT, which enables us to
systematically investigate the low-T dynamical proper-
ties including the unconventional phase transition in 3D
without biased approximation. We call this new com-
bined technique the QMC+CTQMC method.
In Sec. III, we compute the dynamical properties for
the isotropic case with Jx = Jy = Jz = J = ±1 by
the QMC+CTQMC method; J = +1 corresponds to the
ferromagnetic (FM) case, while J = −1 the antiferro-
magnetic (AFM) case. All the static quantities, such
as the specific heat, behave in the same manner for the
FM and AFM cases, and hence, the crossover and phase
transition temperatures are common to the two cases.
The configurations of {ηr} are generated by the QMC
calculations under the same conditions with the previ-
ous studies [17, 20]. Note that the QMC simulation is
done for finite-size clusters with the open boundary con-
dition, at least, in one direction. For each configuration,
we perform the CTQMC calculations for the z bonds,
sufficiently far from the open boundaries. Typically, we
select 60 (16-18) bonds in the 2D (3D) case near the cen-
tral region of each cluster (away from the open bound-
ary), and average the results over the bonds. In each
CTQMC calculation, we typically perform 5 × 103 mea-
4surements at every 20 MC steps, after 105 MC steps for
initial relaxation. To obtain the dynamical quantities
as functions of the real frequency from the imaginary-
time spin correlations, we perform the maximum entropy
method (MEM) under the same conditions with the pre-
vious CDMFT+CTQMC study [19]; we use the Legendre
polynomial up to 100th order for T ≤ 0.006, while we ex-
pand up to 50th order for higher T as well as for the 2D
case.
III. RESULTS
A. 2D honeycomb
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FIG. 2: QMC+CTQMC results for the 2D honeycomb Ki-
taev model with isotropic Jp: (a) the magnetic susceptibility
χ and (b) the NMR relaxation rate 1/T1. In (a), FM and
AFM denote the ferromagnetic case with Jp = J = 1 and the
antiferromagnetic case with Jp = J = −1, respectively. While
the onsite component of 1/T1 is common to the FM and AFM
cases, the NN-site component for the AFM case is obtained
by changing the sign of the FM data plotted in (b). For com-
parison, we plot the CDMFT+CTQMC results in Ref. [18] by
gray symbols. The vertical dotted lines indicate TL ≃ 0.012
and TH ≃ 0.375 (see Ref. [17]). In (a), the dashed curves
represent the Curie-Weiss behaviors, χCW = 1/(4T − J).
First, we show the results for the 2D case on the hon-
eycomb lattice. Figure 2 displays the QMC+CTQMC
results for the magnetic susceptibility χ and the NMR
relaxation rate 1/T1. χ is calculated from the imaginary-
time spin correlations, without using the MEM, as
χ =
1
N
∑
j,j′
∫ β
0
dτ〈Szj (τ)S
z
j′ 〉, (3)
where N is the system size and β = 1/T is the inverse
temperature (we set the Boltzmann constant kB = 1 and
the reduced Planck constant ~ = 1). On the other hand,
we compute 1/T1 by [19]
1/T1 = S
x
j,j(ω = 0) + S
y
j,j(ω = 0), (4)
for the onsite component and
1/T1 = S
x
j,j′(ω = 0) + S
y
j,j′′(ω = 0), (5)
for the nearest-neighbor(NN)-site component separately,
where Spj,j′ (ω) is the spin correlations as a function of the
real frequency ω obtained by the MEM from 〈Spj (τ)S
p
j′ 〉.
Here, j′ and j′′ are the sites neighboring to site j on the
x and y bonds, respectively. Note that both χ and 1/T1
are isotropic in spin space for the current isotropic case
with Jx = Jy = Jz on the honeycomb lattice.
As shown in Figs. 2(a) and 2(b), the results for dif-
ferent system sizes L = 12 and 20 agree with each
other (N = 2L2), indicating that the QMC+CTQMC
results well converge with respect to the system size.
In the figures, the previous CDMFT+CTQMC results
are also plotted by gray symbols for comparison [18].
In the CDMFT+CTQMC method, as mentioned above,
the cluster mean-field approximation leads to a fictitious
phase transition at T˜c ≃ 0.014, and hence, we plot the
data above T˜c. We find that the QMC+CTQMC results
well agree with the CDMFT+CTQMC ones for T & T˜c,
which supports the validity of the latter for T & T˜c.
While such validity was claimed for the static quanti-
ties in the previous studies [18, 19], the present results
demonstrate it explicitly for the dynamical quantities.
The present QMC+CTQMC method enables us to
study the low-T region around and below the low-T
crossover temperature TL ≃ 0.012, beyond T˜c in the
CDMFT+CTQMC result. TL is the temperature where
the localized Z2 gauge fluxes Wp begin to be frozen into
the flux-free state while decreasing T [17]. Thus, our
results show how the dynamical properties are affected
by thermally excited gauge fluxes. Figure 2(a) indicates
that, while decreasing T around TL, χ decreases slightly
and changes the curvature from upward to downward
convex, for both the FM and AFM cases. While fur-
ther decreasing T , χ appears to converge to a nonzero
value, as expected for the system which does not con-
serve the z component of total spin. The asymptotic
value is almost one order of magnitude larger for the FM
case than the AFM case. On the other hand, as shown in
Fig. 2(b), 1/T1 decreases below the peak slightly above
TL as partly seen in the CDMFT+CTQMC results [18],
and continues to decrease around TL reaching to almost
zero below T ∼ 0.005. The low-T suppression is due to
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FIG. 3: (a) and (b) T derivatives of the data in Fig. 2.
(c) plots the thermal fluctuation of gauge fluxes Wp, ∆Wp in
Eq. (6). The vertical dotted line indicates TL.
a nonzero flux gap required to excite the Z2 gauge fluxes
from the flux-free ground state [10].
We also compute the T derivatives of χ and 1/T1, as
shown in Figs. 3(a) and 3(b), respectively. Both deriva-
tives show a peak around TL, but change smoothly with-
out showing any singularity. For comparison, we also
compute the thermal fluctuation of gauge fluxes Wp by
the QMC method, defined by
∆Wp =
1
NpT 2
(〈(∑
p
Wp
)2〉
−
〈∑
p
Wp
〉2)
, (6)
where Np is the number of plaquettes in the system.
Note that ∆Wp corresponds to the specific heat in the
anisotropic limit (toric code), where the effective Hamil-
tonian is given in the form H ∝
∑
pWp [10]; hence, ∆Wp
measures the energy fluctuation related to the gauge
fluxes. As shown in Fig. 3(c), ∆Wp also shows a broad
peak around TL, similar to the T derivatives of χ and
1/T1. All these smooth changes with broad peaks are
consistent with the fact that TL is not a phase transition
but just a crossover in the 2D case [17]. Furthermore, the
similar behavior between three quantities in Fig. 3 sug-
gests that the T derivatives of χ and 1/T1 provide good
probes for the fluctuations of gauge fluxes.
Interestingly, dχ/dT behaves differently between the
FM and AFM cases, as shown in Fig. 3(a): it is negative
for TL . T . TH and changes the sign to positive just
above TL for the FM case, while mostly positive in the
same T range for the AFM case. The qualitative differ-
ence will be useful for identifying the sign of the dominant
Kitaev interactions in candidate materials. The details of
the difference between the FM and AFM cases, including
the nonlinear components of the magnetic susceptibility,
will be reported elsewhere.
B. 3D hyperhoneycomb
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bility χ and (b) the NMR relaxation rate 1/T1. The vertical
dotted lines indicate Tc ≃ 0.014 and TH ≃ 0.375 [20]. Other
notations are the same as those in Fig. 2.
Next, we turn to the 3D case on the hyperhoneycomb
lattice. Figure 4 shows the QMC+CTQMC results for χ
and 1/T1. The system size is given by N = 4L
3: 256,
6500, and 864 sites for L = 4, 5, and 6, respectively. Note
that in the hyperhoneycomb lattice the z bond is not
equivalent to the x and y bonds from the lattice symme-
try; we compute χ by Eq. (3) and 1/T1 by Eqs. (4) and
(5) with replacing 〈Spj (τ)S
p
j′ 〉 (p = x, y) by 〈S
z
j (τ)S
z
j′ 〉 for
simplicity. The overall T dependence is similar to the 2D
results as follows. The high-T behaviors above TH are al-
most unchanged from the 2D cases, presumably because
the bandwidth of matter fermions is independent of the
dimensionality. With a decrease of T , χ begins to devi-
ate from the Curie-Weiss behavior below T ∼ TH and
converges to a nonzero value after showing a peak, while
1/T1 increases below TH and strongly suppressed due to
the flux gap after showing a peak at a low T . Nonethe-
less, there are quantitative differences. For instance, the
peak of χ for the FM case is more than twice larger that
that for the 2D case. Simultaneously, the change at low
T is much steeper in 3D than 2D. Similar behaviors are
also seen in 1/T1. We will briefly comment on the quan-
titative differences in the end of this section.
However, we also find a qualitative difference between
3D and 2D in the low-T behavior. The 3D hyper-
honeycomb model exhibits a phase transition at Tc ≃
0.0039 [20]. The phase transition takes place between
the high-T paramagnet and the low-T QSL, driven by
the proliferation of loops composed of the localized Z2
gauge fluxes Wp. Thus, the transition is of topological
nature, not characterized by local spin operators con-
trary to conventional magnetic ordering [20, 21]. Never-
theless, we find singular behaviors in both χ and 1/T1, as
more clearly seen in the T derivatives shown in Figs. 5(a)
and 5(b). Both T derivatives show a sharp peak at
T ≃ Tc, which becomes sharper for larger system sizes.
We also plot the thermal fluctuation of gauge fluxes ∆Wp
in Eq. (6) in Fig. 5(c). In this 3D case, ∆Wp shows a
similar sharp peak to dχ/dT and d(1/T1)/dT . All these
behaviors are in stark contrast to the 2D case, where the
crossover at TL leads to smooth T dependence as shown
in Fig. 3.
The low-T behaviors of the dynamical quantities are
substantially different from those in 2D, not only in the
critical behavior associated with the phase transition but
also the larger T dependence. This clear difference de-
pending on the spatial dimension is rather surprising
when considering that the static spin correlations are
not much different between 2D and 3D in the whole T
range [17, 20]. In the previous CDMFT+CTQMC study,
the authors unveiled a prominent feature of the Kitaev
QSL, the dichotomy between static and dynamical spin
correlations, from the T dependence of the static spin cor-
relations for NN sites and 1/T1 [18, 19]. The significant
dimensional dependence at low T found here is another
aspect of the dichotomy.
We note that the difference of the sign of dχ/dT be-
tween the FM and AFM cases for Tc . T . TH is also
seen in the 3D case, as shown in Fig. 3(c). We also note
that the behavior of dχ/dT is similar to that found in the
effective model in the anisotropic limit Jz ≫ Jx, Jy [21].
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FIG. 5: (a) and (b) T derivatives of the data in Fig. 4.
(c) plots the thermal fluctuation of gauge fluxes Wp, ∆Wp in
Eq. (6). The vertical dotted line indicates Tc.
Finally, we show the QMC+CTQMC results for the
dynamical spin structure factor S(q, ω) for the 3D case
in Fig. 6. S(q, ω) is defined as
S(q, ω) =
1
N
∑
j,j′
eiq·(rj−rj′ )Szj,j′ (ω), (7)
where rj represents the position vector for site j. The
results are plotted along the symmetric lines in the first
Brillouin zone shown in Fig. 1(c). The overall T and
ω dependence is similar to the 2D case reported in the
previous study [18]: almost q-independent incoherent re-
sponse around ω = 0 for T & TH , growth of the inco-
herent spectra around ω = |J | below TH , and a rapid
increase of the quasi-elastic response while approaching
Tc. Also, as in the 2D case, the difference in the sign of
J appears in the q dependence of the spectral intensity.
We note that the lowest-T data below Tc in Fig. 4(a)
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FIG. 6: QMC+CTQMC results of the dynamical spin structure factor for the 3D hyperhoneycomb Kitaev model with isotropic
Jp. The data are calculated for L = 5 (500 sites) and plotted along the symmetric lines indicated in Fig. 1(c). (a)(c)(e)(g)(i)
are for the FM case and (b)(d)(f)(h)(j) are for the AFM case: (a)(b) T = 0.002475, (c)(d) T = 0.005955, (e)(f) T = 0.01185,
(g)(h) T = 0.18825, and (i)(j) T = 1.185. Note that Tc ≃ 0.0039 and TH ≃ 0.375 [20].
agree well with the previous T = 0 result [46].
Figures 7(a) and 7(b) display the low-ω part of
S(Γ, ω) = S(q = 0, ω) around Tc for the FM case. Qual-
itatively similar behaviors are also seen for S(q, ω) near
the zone boundary for the AFM case. With a decrease of
T across Tc, the quasi-elastic peak near ω = 0 shifts to a
slightly higher ω, leading to the opening of the flux gap
below Tc. The peak height is almost unchanged across
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FIG. 7: Comparison of the low-ω behaviors of S(Γ, ω) = S(q = 0, ω) between the 3D and 2D cases at low T . (a) Contour plot
of S(Γ, ω) around Tc for the 3D case and (b) the ω profiles. (c) and (d) display the corresponding 2D results around TL. The
data for the 3D and 2D cases are calculated for L = 6 (864 sites) and L = 20 (800 sites), respectively. The white dotted lines
in (a) and (c) indicate Tc and TL, respectively.
Tc. For comparison, we plot the corresponding data for
the 2D honeycomb case around TL in Figs. 7(c) and 7(d).
In the 2D case, the peak above TL is much broader with
a lower peak height compared to the 3D case. When low-
ering T across TL, the peak becomes sharper with a shift
of the peak position to a higher ω. These differences
between 2D and 3D are closely related with the quan-
titatively different behaviors of χ and 1/T1 observed in
Figs. 2 and 4 as follows. The sharper peak of S(Γ, ω)
near ω = 0 already existing above Tc in 3D corresponds
to much larger values of χ and 1/T1 just above Tc com-
pared to the 2D results above TL. Furthermore, the shift
of the peak across Tc in Fig. 7(b) is related with the steep
changes of χ and 1/T1 around Tc.
IV. SUMMARY
We have developed the numerical method for study-
ing the spin dynamics of the Kitaev models by combin-
ing the QMC and CTQMC methods on the basis of a
Majorana fermion representation. The QMC+CTQMC
method overcomes the shortcoming in the previous
CDMFT+CTQMC method, and enables us to investi-
gate the very low-T region where the Z2 gauge fluxes
play a role. The experimental observation of the gauge
fluxes is one of the open issues in the Kitaev-type QSLs,
and hence, the theoretical results obtained by our method
provide the references for the experiments in candidate
materials.
We have applied the QMC+CTQMC method to the
2D and 3D Kitaev models. Calculating the magnetic
susceptibility, the NMR relaxation rate, and the dynam-
ical spin structure factor, we discussed the influences of
thermally fluctuating gauge fluxes, with focusing on the
differences arising from the spatial dimensions. In the
2D honeycomb case, everything changes smoothly while
lowering T , reflecting the crossover associated with par-
ticlelike gauge flux excitations. In contrast, in the 3D
hyperhoneycomb case, the system exhibits a phase tran-
sition by the proliferation of looplike gauge flux excita-
9tions, which leads to singular behaviors in the dynam-
ical properties. We found that the dichotomy between
static and dynamical spin correlations, which begins be-
low the high-T crossover associated with itinerant matter
fermions, persists down to the low-T region, in a more
peculiar form reflecting thermally excited gauge fluxes;
while the dichotomy in the higher-T region is rather uni-
versal independent of the spatial dimension, the low-T
one appears differently between 2D and 3D, reflecting
the different nature of the localized Z2 gauge flux excita-
tions. We showed that the T derivatives of the magnetic
susceptibility and the NMR relaxation rate provide good
probes for fluctuating gauge fluxes in both 2D and 3D.
Our results will be useful for identifying the contributions
from the Z2 gauge fluxes in the experimental candidates
and also the nature of their excitations.
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